2020 onwards

Definitions
Periodic Motion:Any motion which repeats after a definite interval of time
*NOTE: Every oscillatory motion is periodic but every periodic motion
need not be oscillatory.

Linear SHM: is defined as the linear periodic motion of a body, in which
force (or acceleration) is always directed towards the mean position and
its magnitude is proportional to the displacement from the mean position

Linear SHM
F= ke The force in the spring is always
ikl
IJW—O—WUWMM directed to the mean position
U B and is responsible to bring the
5.1 (a) Stretched X "

surface block back. This restoring force
—_ is proportional to the
ocl
erend Pl displacement from the mean
U si0relaed Frictionless— position.
surface
f=-kx
where k:force constant,
depends on the elastic
3.1 <) Compressed | F'= - k¢ frietionless properties of the spring.
x:displacement from the mean
position.
-ve sign shows force is oppositely directed to the displacement.

+ Pt

a= é =-— (ﬁ)m = —w?x, where m=mass.
NOTE: a a x and direction is opposite to displacement.

Force and acceleration both are directed towards the mean position.

At extreme positions, velocity=0, KE=0, magnitude of force is maximum
(tkA) and magnitude of acceleration is maximum (tw?A)

At mean position, velocity magnitude is maximum (twA), KE=maximum,
Force and acceleration=0

As the body moves from extreme position to mean position, the
magnitude of displacement decreases, Force and acceleration magnitude
decreases and velocity magnitude keeps increasing. On reaching the mean
position, the KE is maximum, hence the body continues motion (even
though the force & acceleration are zero) and the restoring force tends to
decrease the magnitude of velocity till it comes to a stop (at the extreme
position), where the force and acceleration magnitude becomes maximum
and the body start acceleration in the direction of force (towards the
mean position). This cycle keeps going on.

Differential Equation of Linear SHM
Force is proportional to displacement from the mean position and is
directed towards the mean position

f=-kx where k: Force constant and x is displacement from mean position

By NSL, f=ma
Thus, ma = - kx
ma + kx =0
dx dv d?x
Bu, Vv = —anda=—=—
dt dt dt?

Thus, the differential equation of linear SHM is
d?x
mw +kx=0
d?x
dt?

d?x 5
F+w x=0

k
+—x=0
m

K
w: angular frequency =\/%

Derive acceleration, velocity and Displacement using the Linea,

Differential Equation:
d?x )
F +wx=0
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—w?x

dez

. d%x
a = —w?x,Sincea ==—
dt?

This is the expression of acceleration in terms of displacement x.
At x=0, amin=0, At x=tA, ama=Tw2A

. dv dv
Substitute ‘a’ as 2 e get, i —w?x

2 Isi dx !
V— = —w°x ince —=v
dt
vdv = —w?xdx
Integrating both side,] vdv = —w? f xdx

2 2

v X

_ 2 ;
5= 7+c...........(1)
w?A?
Atx = 1A, v=0.Thus 0 = — +c
v? w?x?  w?A?
Substitute c in (i)we get z=""%5 + 2

Therfore,v = tw+ A% — x2

This is the expression of velocity in terms of displacement from the mean
position
At x=0, Vmax=tWA, At X=2A, Vmin=0

Substitute ‘v’ as % we get Z—: = wVA? — x?
dx
Thus,——— = wdt

Ny

dx
integrating both sides, ] —_—= wj dt
VAZ — x2

sin™t (i) = wt + @, where ¢ is the initial phase or epoch

x=A sin(wt+d)

At t=0 if particle at mean position, t=0, x=0, ® = sin™* (§)= o,
At t=0 if particle at extreme position,

/i
t=0,x=—-A4,0 =sin"1(1) =3

3
t=0,x=—-4,0=sin"1(-1) = >

If particle starts from mean position, then at time t, x=A sin(wt)
If particle starts from extreme position, then at time t
x= A sin(wt+11/2) OR A sin(wt - 31t/2) = + Acos(wt)

NOTE: As a function of time
x = Asin(wt + ¢)

=2 _ Ao cos(wt + ¢)
v_dt_ w cos(wt + ¢
dv
a=_= —Aw?sin (wt + ¢) = —w?x

Amplitude, Period, Frequency, Phase:
Amplitude: The maximum displacement of a particle performing SHM
from its mean position is called amplitude of SHM

Period: The time taken by the particle performing SHM to complete one
oscillation is called period of SHM
x = Asin(wt + ¢)

21 2m
Att = t+z,x = Asin [w <t+;) +¢] = Asin(wt + 27 + ¢)
Thus, x = Asin(wt + ¢)

2m
Hence, after o the particle is at the same place.
- . 2m .
Thus after minimum time — the motion repeats.
w

2
Thus time period T = i 21 [—
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2n 2w 2m
a= wzx,ThusT=I=—

a B Jacceleration per unit displacement
x

Frequency: The number of oscillations per unit time performed by a
particle performing SHM is called its frequency (n).

1 w1 k
n_T_Zn_Zn m

Phase: It gives the state of motion of a particle under motion (i.e. position
and direction of motion). It is continuously changing with time.
Phase=0=wt+ ¢

Case 1: 6=0, indicates mean position and moving to the positive direction
and during the beginning of the first oscillation. The particle will be at this
same state at (0+360)° or (0+2m)¢ again i.e. beginning of the second
oscillation and so on.

Case 2: ©=180° or %, indicates particle at mean position moving to the
negative direction. It will be in the same state in the second oscillation at
0=(360+180)° or (2rt + )¢ and so on

Case 3: ©=90° or i1/2€, indicates particle is at the positive extreme position
during the first oscillation. It will again be at the same state in the second
oscillation when 6=(360+90)° or (2t + 1/2)¢ and so on

Case 4: ©=270° or 31/2€, indicates particle is at the negative extreme
position during the first oscillation. It will again be at the same state in the
second oscillation when 8=(360+270)° or (21t + 311/2)¢ and so on

Reference Circle Method: (NOT IN SYLLABUS FOR 2020-2021)

Graphical Representation of SHM: (NOT IN SYLLABUS FOR 2020-2021)

Composition of two SHM having same period and same path

Consider a particle subjected simultaneously to two SHM’s having the
same period and along the same path but of different amplitude and
different initial phase.

X, = Aysin(wt + ¢,) and x, = Aysin(wt + ¢,)

The resultant displacement is given by x = x; + x,

Thus,x = A;sin(wt + ¢1) + A,sin(wt + ¢5)

= A;sinwt cos¢, + A coswt sing, + A,sinwt cosp, + A,coswt sing,
= (A, cosp, + A,cosp,)sinwt + (A, sing, + A,sing,)coswt

= Rcosé sinwt + Rsind coswt,

where Rcosé = A; cospy + A,cos¢, ... (i)

Rsiné = A, sing, + A,sing, ..... (ii)

Therefore,x = Rsin(wt + &)

This shows that the resultant of two SHMs of same period and same path
is also an SHM with same period and resultant amplitude and initial phase
as given below:

Resultant Amplitude R = \/(Rsin6)2 + (Rcosb)?

Using (i) and (ii)

R = /(4 sing; + A,sing,)? + (A, cosp, + A,cosp,)?

R= \/Af + A% + 24, A,sing,sing, + 24, A,cos¢,cose,

R= \]Af + Ay° + 24,4, cos(¢py — ¢3)
Rsind Ay sing, + A;sing,
RcosS ~ A, cos, + A,cosg,

_, (A1 sing; + Azsing,
§ =tan (—)

A, cospy + Aycosdp,

Casel:If p, =y i.e.p; —p, =0
R= JAJ + A% +24,A,5c050 = +(4; + A4,)
If Ay, =A4,=4A, R=2A

(i) + (i) gives

Case 2: If ¢ — ¢, = 90° out of phase

R= \/Alz + A,% + 24,A,c0590 = \/Alz + 4,7
IfA,=A,=A, R=+24

Case 3: If ¢, — ¢, = 180° out of phase
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R= \/Alz + A,% + 24,4,c05180 = |4, — A, |
IfA,=4,=A4, R=0

Energy of a Particle Performing SHM:
Consider a particle of mass m
K m  performing linear SHM along path MN,
[¢—x—] with O being the mean position. At an
instant let the particle be at P, which is x from O.
KE=% m v? = % mw?(A? — x?)= % k(A% — x?)

z
=} }

The restoring force at P is given by f = -kx , where k is force constant.
Suppose particle is further displaced by a infinitesimal displacement dx
against this force f, then the external work done

dW = f(-dx) = -kx(-dx)= kxdx

Total work done from O to P is given by

X X 1 1
W=f dW=f kxdx = =kx? = —mw?x?
0 o 2 2

Total Energy E= Ex + Ep
1 1
E = 1/2k(A2 - Xz) + zkxz = EkAz

Total Energy is a constant (not dependent on x and t). Hence energy is
conserved in SHM.

7l AN
7

-4 AT 0 +ANG +A4
Displacement

‘E Case 1: x=0, Vmax= WA,
Energy E EKmax= E=% kAz ’ Epmin =0

A

Case 2: x=tA, Vmin=0, Ekmin=0
Epmax = E = % kA2

KE=PE KE= PE
Case 3: KE=PE=E/2

> V%k(A2Z-x)=%kiox =

S

Case 4: x=1A/2,

E —1k 4y —kAZ—E E _3E Thus, Ex = 3E
p=3#|(3) | = T =3 B =T B =36

i.e.Ep = 25% of TE and Ex is 75% of TE at x = +A/2

2
NOTE: E = %kAZ = %mszz = %m(Znn)zA2 =2m?n%A*m = an%m

Thus, TE is proportional to mass, square of amplitude, square of frequency
and inversely proportional to square of Time period.

Simple Pendulum(122-123) and angular SHM (125-126) refer textbook

Conical pendulum Simple pendulum

1 | Trajectory and the plane of the motion of | Trajectory and the plane of motion of the
the bob is a horizontal circle bob is part of a vertical circle.

K.E. and gravitational P.E. are constant. | K.E. and gravitational P.E. are interconverted
and their sum is conserved.

3 |Horizontal component of the force due to| Tangential component of the weight is the
tension is the necessary centripetal force | governing force for the energy conversions
(governing force). during the motion.

4 | Period, Period,

T=2x LR T:J;:JI
g g

5 | String always makes a fixed angle with the | With large amplitude, the string can be
horizontal and can never be horizontal. horizontal at some instances.

(¥}

1

NOTE: For springs attached in series f=-kx wherei = ki + o
1 2

For parallel springs f= -kx where k=k+ka
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